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I. INTRODUCTION 
To discuss extensions of Wiener’s classical Tauberian theorem, it is 
convenient to define some classes of functions: W is the class of L, 
functions whose Fourier transforms do not vanish, N is the class of 
functions f such that 
2 sup lf(4 < O”* n4x<(n+l) 
n==--cc 
and Bk’ is the class of functions which are of bounded variation in every 
finite interval. 
Wiener’s general Tauberian theorem for Stieltjes integrals [7, p. 2141 
states that if, for ct E BV and K+‘ldctj bounded in x, there is a contin- 
uous g, E N n W such that 
then for, any continuous g, E N 
m 00 
5 
g& - Y) da(y) --t A g&4 du 
I 
as x + OQ. 
-co --co 
* This paper was supported in part by a grant from the National Science Founda- 
tion to Dartmouth College. 
The continuity of g, is a severe restriction on the use of this theorem to 
prove probability limit theorems, such as renewal theorems. F01- 
absolutely continuous c( whose derivative is bounded below, this restric- 
tion has been eased by the “onesided” Tauberian theorem of Pitt 
[7, p. 2161. Pitt’s theorem is: If, for $ such that p(y) 2 - c for all y, 
there is a g, E W such that gl(u) > 0 for all u, and also 
03 ‘I 
i 
gdx - YMY) dY - A Sk4 du 
i . -cc -- 7) 
as x --f 00, 
co 
i 
sd * - YMY) dY is bounded, 
-23 
then for any g, E N which is continuous, a.e., 
03 03 
i 
&2(x - Ym4 dY -A &(4 ~~ 
i 
as x - 00. 
--ov -m 
In [a], Smith seeks to avoid the restriction in Wiener’s theorem (that 
g, be continuous) in order to unify and extend the work of Feller [Z], 
Blackwell [l], and TZcklind [6] on renewal theory, and he claims infor- 
mally that if a is nondecreasing then there is no need for g, to be contin- 
uous. However, Smith’s own counter-example [5, p. 2471 disproves the 
informal claim, and in fact he only proves (as Theorem 2 of [a]) that 
if a is nondecreasing then the hypothesis that g, is continuous and belongs 
to N can be replaced by 
g, is L,, zero for negative argument, bounded, 
(1) 
and nonincreasing in (0, m).’ 
The counter-example of [5], from renewal theory, exhibits a non- 
decreasing CI which satisfies the hypothesis of Wiener’s theorem with 
A > 0, and has all its mass concentrated on a countable dense set S 
consisting of points of the form m + n[, with 5 irrational and m,n integers. 
1 These restrictions can be relaxed considerably in the presence of special prop- 
erties of u, e.g., if the discontinuous and singular components of tl are of bounded 
total variation. 
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For g, Smith selects a function which vanishes on S and has a positive 
integral, e.g., g, = XQ, Q = S’ n (O,T), T > 0.’ Then 
-cc 
co 
lim inf g&x - y) &(y) = 0. 
X-CO i 
-0 
We shall. consider the question : What condition on g,, weaker than (l), 
suffices for Wiener’s theorem when a is nondecreasing? Condition (1) 
says that, except for normalization, g2 is a bounded monotone probability 
density on (0, m). The extent to which (1) requires g, to be continuous 
is greater than that used in the “one-sided” theorem of Pitt. For (1) 
implies that g, has a countable discontinuity set, whereas Pitt only 
required it to have measure zero. The requirement that a be non- 
decreasing is similar to Pitt’s one-sided bound, p(y) > - c for all y. 
These observations suggest that Pitt’s method can be used to extend 
Smith’s Theorem 2. 
In Theorem 1 we adapt (and simplify) Pitt’s method of proof to 
extend Smith’s theorem (Theorem 2 of [4]) to kernels g, which are contin- 
uous, a.e. Then, explicitly using the regularity of Lebesgue measure, 
we extend Smith’s theorem to kernels from a class N n H. H consists 
of Bore1 measurable functions approximable on intervals by sums of 
characteristic functions of sets whose boundaries have measure zero, 
All f that are continuous, a.e., belong to H. Also, f E H implies f is 
continuous, a.e., so we have an alternate proof of Theorem 1. 
A new condition is introduced in Section V : A Bore1 set B is .strongZy 
regular with respect to cc if given E > 0, there exist a compact C C B 
and an open U 3 B such that 
for all x sufficiently large. In Theorem 10 Smith’s theorem is extended 
to kernels in N n K,. K, consists of all Bore1 measurable functions 
approximable on intervals by sums of characteristic functions of sets 
strongly regular with respect to o(. Any f E H belongs to K, if a satisfies 
the hypothesis of Wiener’s theorem. From Theorem 10 we easily deduce 
a general “one-sided” theorem, analogous to (and in many respects 
stronger than) Pitt’s, in which a need not be nondecreasing. 
a XQ is the characteristic function of the set Q. 
4 
In M;iener’s theorem, the condition that g, be continuous is unnecessary. 
For if gz E N n W’, def’ine 
then fI is continuous and belongs to N n W. Also, 
Hence 
co co co 
5 
. 
f# - Y) MY) = Jr- v da(y) g,(x - y - u)e-"" du, 
I 5 
The inner integral on the right is bounded and tends to 
and so the left-hand side does also. Thus fl satisfies all the hypotheses 
on g, and is also continuous. 
To avoid repetition in stating theorems, we say that E satisfies tFYe 
hypothesis of Wierter’s theorem if 
0) CXEBV, 
(ii) C” Idal is bounded in x, 
(iii) there is a g EN n W such that 
n: cc 
s g(x - Y) 434 + A &4 du s as 
x + do. 
-cc --co 
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A nondecreasing function a that satisfies (ii) above induces a measure 
(also denoted by a) of Bore1 sets on the real line, and a assigns finite 
measure to all bounded, hence to all compact, sets. The Bore1 sets of 
the line are also the Bake sets. Therefore [3, pp. 224,228], cc is a regz&zr 
Borel measure. Such a measure is pleasantly related to the usual topology 
of the line. A Bore1 set B is regular if 
sup {or(C) II? 3 c compact} = cc(B) = inf (a(U) 16 C li open), 
and the Bore1 measure oc is regular if all Bore1 sets are regular sets. 
If B is a set of real numbers, and x is a real number, we use x - B 
to denote the set of all numbers of the form x - y with y E B. xB is the 
characteristic function of a set B. Then 
s s da = xc%- B) (24) da(u) = s ~e(x - 24) doc(ti) r--R 
- 
I 
d,a(x + 24) = - da(x - a). 
s 
B B 
We note also that if 01 satisfies the hypothesis of Wiener’s theorem 
and is nondecreasing, then the number A in (iii) above is nonnegative; 
this follows easily from Wiener’s theorem by choosing g, 3 0. 
III. EXTENSION OF SMITH'S THEOREM 
THEOREM 1: Let u be mndecreasing, and satisfy the hypothesis of 
Wiener’s theorem. Then for any g E N which is continuous almost every- 
where, 
cc Y) 
s g(x - y) da(y) -A g(u) dn I as x --+ co. (4 -cc -m 
If A = 0, the conclusion (4) holds for any g, F N. 
PROOF: Let E > 0 be given. For D > 2~ we introduce the functions 
I 
1, 0 < IxI< w 
p+c(4 = 1 - (1x1 - ml&, -p < /XI< $0 + E 
0, 1x1 2 w + E 
These functions are continuous, belong to N, and satisfy 
P-(x) < p&4 < P+(x)! 
where 
Since u is nondecreasing we have 
m r +1/20 m 
P-(x - Y) da(y) < P-l-(x - Y) pa. 
--m I - ljZD -02 
By Wiener’s theorem, applied to $+ and p-, given 6 > 0, we have 
- d+A(D-&E)< da<A(D+E)$-6, 
1 z 
for all x sufficiently large. Thus for all D > 0, 
x+D 
da -+AD as x * co. (5) 
Let (a new) e 3 0 be given, and find a positive integer K = K(E) 
such that 
Setting 
cc 
h(x) = 
1 
g(x - Y) da(YL 
-m 
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it is clear that 12 is bounded. In the case A = 0, we note that 
-k x 
k z -tk 
-k 
By (5), the right-hand side af the last inequality approaches zero as 
x -P C-O; hence 
lim sup /k(x) / ,< E sup da, 
z+m x I 
n 
h(x) -0 as x -+ co. 
In the general case (any A) we have 
k a, 
g(y) da@ - Y) - A 
--4 
h 
and hence 
Ii gw,(- 4% - Y) - AY) . 
-k 
Since g is Riemann integrable, there exist step-functions st- and s- such 
that s- < g < si-, and 
-A 
Then 
- S-(Y) d+ - y) - A 
-k -k -k 
k k 
< - s+(y) da(x - y) - A g(u) du. 
! 
* 
J 
-k --it: 
BY k% 
k id 
- 
I 
s*(y) da(x - y) + A s*(w) du 
5 
as x - 00, 
-k -k 
k k 
1 
- A 
J 
[g - s-1 du < ,lFa g(y)dy(- cc(x - y) - Ay} 
--k -k 
< A [s+ -- g] du. 
-k 
The left extreme is negative, the right positive, and they differ by at 
most AE > 0. Hence 
k 
I g(y)d,{- 4% - Y) - AYI -0 as 
x ---f bo, 
--A 
and this fact, together with (6), proves Theorem 1. 
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IV. ALTERNATE DERIVATION OF THEOREM 1 
We designate by H the class of Bore1 measurable functions f such that 
for every K > 0 and E > 0, there exist functions ff and f-, defined on 
(- K, K), with the properties: 
(4 f- < f < f+ 
(b) j?#(w) - f-(u)] dzl< E 
(4 f+ and f- are of the form 
where the Bj are Bore1 sets whose boundaries Bi - Bio have Lebesgue 
measure zero. 
As mentioned earlier, Smith imposed (essentially) the condition that 
(the conclusion kernel) g, be of bounded variation, while Pitt required 
(the weaker condition) that g, be continuous almost everywhere with 
respect to Lebesgue measure (a-e. [L]). A function of bounded variation 
is continuous a.e. [I,]; a function that is continuous, a.e., [L] is Riemann 
integrable, and so belongs to H, for in that case the Bi may be taken to 
be intervals. 
We shall show that the hypothesis that g is continuous, a.e. [Lj 
in Theorem 1 can be replaced by the condition that g belong to H. 
Afterwards we prove that g E H implies g is continuous a.e. [L], and 
so obtain another proof of Theorem 1. This alternate proof explicitly 
uses the regularity of Lebesgue measure (but not that of CX), and sheds 
light on Smith’s counterexample. It also to some extent suggests how 
regularity can be used to extend Theorem 1. 
THEOREM 2: Let 0: be nondecreasing, and satisfy the hyfiothesis of 
Wietier’s theorem. If B is a bounded Borel set whose boundary has measure 
zero, i.e., L(B - BO) = 0, then 
i 
du -A -L(B) as x + co. 
X-B 
PROOF: Since L is regular, given E > 0 there exist a compact C and 
an open U such that 
L(B” - C) <E, 
L(U - B) < E. 
According to a known construction -3, p. Alfi], there exists a continuous 
function h ’ taking values in [O,l - such that h t (ti.) r: 0 for u in the compact 
set B, and F, ‘(ti) = 1 for u in C’. Similarly, there is a continuous h - 
taking values in [O,l / which vanishes on C and equals one on the con- 
plement of 9. WC set zr~ m-z 1 ~~ h-1~) A,--‘ :: ] ~ I?-- ; then 
J., 
0 fig 
i 
g-- (u) 1216 --- L(B) i: f, 
CL . 
0 < L(P) --- 
1 
g-(u) du < F, 
. - 23 03 al t s . g-(x - Y) WY) < i I da <g- (x 34 da(Y). 
-cc P-H -cc 
The functions gi and g- are continuous and belong to N; hence 
Wiener’s theorem is applicable, and 
cc m 
i 
g&(x - y) da(y) --f ,4 g&(u) du 
s 
as x + 03. 
-cc --w 
So if 6 > 0 is given, then for all sufficiently large x 
to 
. 
US 
6+(X - 
--3c 
y) da(y) - A 
J 
g&(u) dti ~ < ~3. 
-zc 
Thus A > 0 implies 
Since L(B - B”) = 0, and t’ and 6 are arbitrary, the theorem is proven. 
THEOREM 3: Let a be ?zondecreasing, and satisfy the hypothesis of 
Wiener’s theorem. For any g f N il H, 
cc % 
5 
l 
s(x - Y) da(Y) -A d4 du 
J 
as 
x -+ 00. 
-Q) -m 
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PROOF : As in the second half of the proof of Theorem 1, given E > 0, 
find a positive k = k(~) such that 
I 
1 in 
g(Y)&{- 4x - Y) - AYI . 
-k 
Since g E H, there exist ft and f-, defined on (- k, k), such that 
f- < g < .K 
k 
I 
[ff - f-1 du < e, 
-k 
and both f+ and f- are of the form 
n 
z - bj XB1, L(Bj - BjO) = 0. 
j=l 
Then 
k 
- J-(y) dac(x - y) - A 
-k -k 
g(y&{- 4% - Y) - AYI 
-k 
k k 
f+(y) da(x - y) - A 
-k -k 
-- 
Also, since X n Y C x n 7, we have 
boundary (X n Y) = X n Y - (X0 n Y”) 
I__- 
= (XnYnXo’)u(XnY)nYo’) 
c (R - X0) u (Y - Y”) 
C boundary (X) u boundary (Y). 
Thus the Hi in the definition of H may be taken to he bounded. Hence: 
by Theorem 2, 
and the rest of the proof is exactly as in Theorem 1 
LEMM.~: Let B be a Bore/ set, and xR ils characteristic functiout. 
L(B -- B”) = 0 if and orzly if xB is continuous, a.e., [L:. 
PROOF : Let x be a boundary point of B. Any neighborhood of x 
contains a point y E B and a point x E B’. However, if xe is continuous 
at X, then it is either identically zero or identically one in every’suffi- 
cientiy small &-neighborhood of X. So XB is discontinuous at boundary 
points of B. Conversely, let xB be discontinuous at X. In any E-neigh- 
borhood of x there is a y at which xc(x) + xs(y) ; hence any e-neigh- 
borhood of x has a nonnull intersection with both B and H’, and so x 
is a boundary point of B. 
THEOREM 4: f E H if and only if f is Borel neaswable and cvntiwo~s, 
a.e., [L]. 
PROOF: The converse is obvious and has already been mentioned. 
If f E H, and e > 0 and K > 0 are given, there are functions f’- and ,!- 
of the form 
. 
i 
[f+ - f-1 dti < E. 
--k 
Ky the Lemma, each xBi is continuous, a.e., [L]. Hence there exist step- 
functions S+ and s-m, each constant on the elements of a partition of 
(- K, K), such that .Y+ > ff and s+ < f- on (- k, k), and 
k h . 
3 
[si. - f’] du < 6, 
s 
if- - s-1 du < S. 
--F, -h 
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Since ,s,d are arbitrary, the upper and lower integrals of f over (- k, k) 
are equal. Thus f is Riemann integrable, and so continuous, a.e., [L,. 
The function xQ used in Smith’s counter-example (see Introduction) 
takes on only the values 0 and 1. If x is an interior point of (0,T) and a 
continuity point of XQ, then xQ is either identically 1 or identically 0 
in every sufficiently small neighborhood of x. But XQ vanishes on a 
countable dense subset of (O,T), equals 1 elsewhere on (O,T), and so is 
continuous nowhere inside (0,7’). 
V. STRONG REGULARITY 
We call a Bore1 set B slrongly reguZar3 with respect to a if for every 
E > 0 there exist a compact C C B and an open U 2 B such that for 
all sufficiently large x 
c&(x - U) - cc(x - C) < 6. 
A strongly regular set has the property that given E > 0, the measure 
of any “sufficiently large” translation x - B can be approximated to 
within E by the measures of corresponding translations t - C, t - B 
of fixed compact C C B and fixed open U > B, with C and U depending 
only on E. An important property of sets that are strongly regular with 
respect to Q is given by the following Tauberian result: 
THEOREM 5: Let a be nondecreasing, and satisfy the hypothesis of 
Wiener’s theorem, If B is bounded, Bore/, and strongly regukar with respect 
to 01, then 
du +A -L(B) as x + 00. 
PROOF: Let E > 0 be given, and select a compact C, C B and an 
open U, > B so that for all x sufficiently large 
a(x - U,) - x(x - C,) < F. 
8 The term is chosen for simplicity, not descriptiveness, for the property is an 
asymptotic one formulable as 
lim sup{cr(t - (U - C)) [t + 03, B > C compact, B C U open} = 0. 
14 RENEA. 
This inequality is preserved if we decrease U, to an open U > B or 
increase C, to a compact C C B , so as to make L(U - C) < E. By a 
known construction 13, p. 2161, there exists a continuous function g 
taking values in [O,l], and such that g(u) = 0 for u in C, and g(zt) = I 
for u in U’. Set f = 1 - 8. Then 
m 
. 
! I 
da = xc(x - u) da(u) < f(x - u) da(u) < da. 
d - c ~- m X-U 
Also 
- {da<- Ida<- ida. 
x-u x--B X-C 
Adding these inequalities, we find that for all x that are sufficiently large 
However, 
and 
Hence 
cc 
- E < 
5 
[f(u) - ~~(41 du < E, 
--ru 
and for all x sufficiently large 
co cc 
. 
f(x - y) da(y) - A 
J 
f(u) du + A da < &(A + 1). 
--m -cc B x--B 
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The function f is continuous and belongs to N; hence by Wiener’s 
theorem, given 6 > 0, for all x sufficiently large we have 
-8 
cc 
< f(x - 
I 
-cc 
which, together with (7), proves the theorem. 
The next theorem shows that strong regularity with respect to o( is 
not a stronger condition than having a boundary of measure zero, if a 
is positive and satisfies the hypothesis of Wiener’s theorem. 
THEOREM 6: Let a be nondecreasing, and satisfy the hyfiothesis of 
Wiener’s theorem. If B is bounded and Borel, and L(B - B”) = 0, then 
B is strongly regular with respect to a. 
PROOF: Let E > 0 be given, and choose a compact C C B* and an 
open Ux B so that L( U - C) < E. This is possible because L(B - B*) = 0 
and Lebesgue measure is regular. According to a known result [3, p. 2181, 
there exist open sets Ii,, U, and compact sets C,, C, such that 
C c U, c C, c B* c B c B c U, c C, c G. 
By the device used in Theorem 2 (or Halmos [3], p. 216, Theorem B), 
we can construct a continuous function f+ taking values in [O,l] and 
such that f+(u) = 1 for u in C,, and j+(u) = 0 for u in U’. Similarly, 
there is a continuous f- that takes values in [O,l], vanishes on U1’, and 
equals 1 on C. Since a is positive we have 
f-(x-y)da(y)< ida< ~da<~f+(~-vid4+ 
-cc x - cz x - u, - m 
The functions f+ and f- belong to N and are continuous. So we may 
apply Wiener’s theorem to conclude that 
Co 03 
5 
. 
f(x - y) da(y) -+A I W) dU as x + 00. --m -cc 
Hence given 6 > 0, for all x sufficiently large we have 
A f-au-i?< da< 
i 
1 1 da<A{f+du+ 6. 
-CO x - c, x-u, -cc 
It can be seen from the definition of ,I i T and / that 
Therefore, for all x large enough 
A - L(C) - s < a(x - C,) < a(x - U,) < A * L(U) + 8 
But L(U - C) < 8, and so for all x large enough 
M(X - U,) -- a(x - C,) < Ae + 2b. 
Since E and 6 are arbitrary, B is strongly regular with respect to CC 
We can now finish discussing the counter-example of the Introduction. 
Theorem 5, (59, and (3), of course, imply that Q is not strongly regular 
with respect to a. However, this can be seen directly, as follows. The 
set S is closed under addition, so if x E S’ and u E S, then x - zt E S’ 
and xn _ ,$u) = 1, if x - 14 E (0, T). Since cc is concentrated on S, we have 
i I1 
N 
Xx-~(u) da(u) = da 
i 
for XES’ 
da = 
I 
s x . 1 
X-Q 
0 for x ES. 
Now choose any compact C and open U such that C C Q c U. Clearly 
lim a(x - C) = 0. 
s Es,x+m 
Since U is open it includes an open interval 1. By Theorem 6,1 is strongly 
regular with respect to a, and so 
a(x - I) + A . L(I) as x --f 00. (8) 
In Smith’s actual example, (8) follows from Blackwell’s renewal theorem. 
Hence 
limsup a(x - U) > lim cc(x - 1) = A * L(I) > 0. 
xeS,x-b co xes,x+cc 
This proves that Q is not strongly regular with respect to a. 
We remark, incidentally, that if the discontinuous and singular 
components of a are of bounded total variation, and the absolutely 
continuous component has a bounded derivative, then any bounded set 
is strongly regular with respect to a, and the restrictions on the conclusion 
kernel can be considerably relaxed. 
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With each regular Bore1 measure CI we associate a class K, of func- 
tions : K, consists of all Bore1 measurable functions f such that, for 
every R > 0 and F > 0, there exist f+ and #-, defined on (- K, K), with the 
properties : 
(ii) j? k [f+ - f-1 du < ’ 
(iii) /+ and f- are of the form 
2 b, 1 XBj 
i=l 
where the Bj are Bore1 and strongly regular with respect to cc. 
THEOREM 8: Let tc be nondecreasing, and satisfy the hypothesis of 
Wiener’s theorem. Then 
HCK,. 
PROOF: It was shown in proving Theorem 3 that the Bi in the defini- 
tion of H could be taken to be bounded. The result is then an immediate 
consequence of Theorem 7. 
THEOREM 9: Let 5, be the o-field generated by the Borel sets which are 
strongly regular with respect to CI. Any f EK, is equal, a.e., [I-] to a func- 
tion measurable with respect to 3,. 
PROOF: Choose functions g, so that g*(u) = 0 for u outside (- n, n), 
g,(u) < f(u) on (- $2, n), g, is S,-measurable, and 
n 
5 
v - gnl A% < f * 
--n 
Set fH(z4) = max Q(U), so that the f, converge to an f, that is s,- 
l<i<Pl 
measurable, with f, < f. Clearly 11 
s [f - f+J du <+a 
If fm < /’ on a set of positive measure, there exist a bounded set H with 
L(R) > 0 and an integer 12 such that 
which is impossible. 
THEOREM 10 : Let 01 be mndecreasing, and satisfy the hyflothesis of 
Wiener’s theoTern. For any g E N fl K,, 
PROOF: An interval has a boundary of measure zero, and so is strongly 
regular with respect to CC, by Theorem 7. The intersection of two strongly 
regular sets is strongly regular. Hence the Bi in the definition of K, 
can be taken to be bounded. Theorem 10 is then obtained from Theorem .5 
in exactly the same way that Theorem 3 was deduced from Theorem 2. 
VI. EXTENSION OF PITT’S THEOREM 
The condition that $(y) 3 ~ c for all y, used by Pitt, corresponds 
in our notation to 
a(4 - a(y) + 4% - y) 3 0, if xg3 y. 
A natural generalization of this is that a + ,8 should be nondecreasing 
for some nondecreasing function p. Such a p exists if CC E Blr, but more 
is needed; p must have a suitable relationship to the kernel g, of the 
hypothesis of Wiener’s theorem. For Pitt’s proof makes use of the fact that 
cc cc 
i 
. 
i&(x - YNCY3 -c gA4 c&d s 
-m --so 
as x 3 co. 
Of course, the limit just written is actually an identity for all x, by the 
invariance of Lebesgue measure. But since only the limit part is used, 
the appropriate generalization is, replacing cy by ,8(y), 
. 
I 0 - Y) WY) -B id4 624 5 as x + 00. (9) -co --m 
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This is not an identity in general, and may not be true. Pitt’s choice 
of j?(y) = cy is the one case in which (9) is readily verified., from g, E N. 
A counterpart of Pitt’s hypothesis that g, be continuous, a.e., [L] 
would be that g, is continuous, a.e., [PI. This analog does not seem to 
be useful, apparently because p is not necessarily invariant. We assume 
instead that g, E Kp n K, A@. 
THEOREM 11: If, CC,@ satisfy the hypothesis of Wiener’s theorem, p is 
nondecreasing, and a + /i’ is nondecreakg, then for any g E Kb n K,,, n N, 
cc co 
J 
g(x - y da(y) -A g(u) du 
J 
as 
--co --m 
PROOF: There exist fi, fi E N fl W such that 
co al 
J 
fl(x - Y) WY) -+ A f&4 d2~ 
I 
as 
--aa -03 
x -+ 00. 
x--too 
Define 
co 
s&) = fib - Y)f,(Y) dY* 
J 
--co 
It is easy to see that g, E N f~ W; since g, is the convolution of two 
bounded L, functions, it is continuous. Hence by Wiener’s theorem 
J g,(x - Y) @(Y) + B kh(4 du J as x-+00 --cc --co 
g,(x - y) d{a + P)(y) --+ (A i- B) h(u) du 
I 
as x + 00. 
-cc --co 
The result now follows from Theorem 10. 
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